From the point of view of elementary particle physics the gravitational constant G is extraordinarily small. This has led to ask whether it could have decayed to its present value from an initial one commensurate with microscopical units. A mechanism that leads to such a decay is proposed herein. It is based on assuming that G may take different values within regions of the universe separated by a novel kind of domain wall, a "G-wall". The idea is implemented by introducing a gauge potential Aµνρ, and its conjugate D, which determines the value of G as an integration constant rather than a fundamental constant. The value of G jumps when one goes through a G-wall. The procedure extends one previously developed for the cosmological constant, but the generalization is far from straightforward: (i) The intrinsic geometry of a G-wall is not the same as seen from its two sides, because the second law of black hole thermodynamics mandates that the jump in G must cause a discontinuity in the scale of length.
(ii) The size of the decay step in G is controlled by a function G(D) which may be chosen so as to diminish the value of G towards the asymptote G = 0, without fine tuning. It is shown that: (i) The dynamics of the gravitational field with G treated as a dynamical variable, coupled to G-walls and matter, follows from an action principle, which is given. (ii) A particle that impinges on a G-wall may be refracted or reflected. (iii) The various forces between two particles change when a G-wall is inserted in between them. (iv) G-walls may be nucleated trough tunneling and thermal effects. The semiclassical probabilities are evaluated. (v) If the action principle is constructed properly, the entropy of a black hole increases when the value of the gravitational constant is changed through the absorption of a G-wall by the hole.
I. INTRODUCTION
A natural scale for the gravitational constant G from particle physics would be set by the square of the inverse mass of the Higgs boson, 1/m 2 h ∼ 10 −4 GeV −2 . The observed value of G is thirty four orders of magnitude smaller. This enormous difference led Dirac to propose its "large number hypothesis" [1] , where G was considered to change in time, decaying from an initial value conmensurable with microscopical units, to its value in the present epoch of the universe. In this paper we propose a mechanism that leads to such a decay. It is based on assuming that G may take different values within regions of the universe separated by a domain wall, which we call "G-wall" for short. The idea is implemented by introducing a gauge potential A µνρ , and its conjugate D, which determines the value of G as an integration constant rather than a fundamental constant. The value of the integration constant jumps when one goes through a G-wall.
The procedure extends one previously developed for the cosmological constant [2] [3] [4] , but the generalization is far from straightforward: (i) The intrinsic geometry of a G-wall is not the same as seen from its two sides. This is because the second law of black hole thermodynamics mandates that the jump in G must cause a discontinuity in the scale of length. (ii) The size of the decay step in * bunster@cecs.cl † andres.gomberoff@uai.cl G is controlled by a function G(D) which may be chosen so as to diminish the value of G towards the asymptote G = 0, without fine tuning. The fact that G sets the scale of length is similar to the way the effective gravitational constant changes in the Jordan-Brans-Dicke theory [5, 6] or other dilatonic theories; but with the key difference that here the changes in G are driven by the introduction of a 3-form A, and its conjugate D, which do not have any local degrees of freedom.
The plan of the paper is the following. Section II is devoted to introduce the key properties of the G-wall that separates regions of space with different values of G. The basis for the discussion is the introduction of the concept of "gravitational units", that will be key throughout the paper, and which incorporates the fact that the scale of length is changed when one crosses the G-wall. Two effects are displayed, namely, (i)the forces (gravitational and non-gravitational) between two particles change in a distinct manner when a G-wall is inserted in between them,(ii) if a particle impinges on a G-wall, its worldline is refracted or reflected depending on its velocity. Section III deals with the action principle. The action is given, the equations of motion are derived; and the simple case in which the matter is a uniform vacuum energy (cosmological constant of microscopical origin) is dealt with in detail as a preparation for the study of G-wall nucleation in section IV. In that section, the nucleation through tunneling and thermal activation is discussed and the geometry and probability of the corresponding instanton and thermalon are studied. Finally, in section V, it is shown that the entropy of a black hole increases when it absorbs arXiv:1704.03372v1 [gr-qc] 11 Apr 2017 a G-wall. It is argued that the second law of black hole thermodynamics actually dictates the form of the action.
II. ANTICIPATION: IMPRINT OF A G-WALL
Before tackling the general action principle, we will anticipate in this section, on the basis of a simple Newtonian argument, two effects which capture the distinctive imprint of a G-wall. They are: (a) the alteration in the forces (gravitational and non-gravitational) between two particles when a G-wall is inserted in between them, and (b) the effect of the wall on the motion of a test particle that crosses it.
A. Effect of a G-wall on the forces between particles. Gravitational units
Consider two particles interacting gravitationally through the Newtonian potential. The action is given by
where r 12 = | r 2 − r 1 | is the distance between the particles. Next, perform a change of scale of the three fundamental units; time, length and mass,
This change sets G equals to unity, keeping the other two universal constants and c unaffected, as it leaves the units of action and speed invariant. We call these "gravitational units". This same rescaling was discussed, for example, in [7] in the context of the Jordan-BransDicke theory [5, 6] . In gravitational units the action (II.1) reads,
The transition from Eq. (II.1) to Eq. (II.3) was achieved assuming that G was constant throughout space and time. We will now postulate that (II.3) remains valid when G-walls are present, in which case G is only domainwise constant, since it changes its value when one crosses a G-wall. That is, we demand that in gravitational units the G-wall becomes invisible in the action.
Consider now a G-wall as shown in Fig. 1 . Particle 1, of mass m 1 , is fixed at the origin of coordinates, to the left of the wall, while particle 2, of mass m 2 , is located to its right. Let us first evaluate the gravitational force felt by particle 2 due to the field produced by particle 1. The potential energy is
Two test particles, labeled 1 and 2, with masses m1, m2 located at different sides of a G-wall, where the Newton constant is G1, G2 respectively. The origin of the coordinate system is set on particle 1.
wherer 12 =l 1 +l 2 , is the sum of the tilded lengths of the portions, at different sides of the wall, of the line connecting particle 1 and particle 2. In terms of the original, untilded "atomic units" the potential energy of particle 2 in the field of particle 1 reads
The force felt by the particle 2 is
It is directed along the line joining the particles. Note that this force does not satisfy the law of action and reaction. This was to be expected since the external G-wall breaks translation and hence momentum conservation. One may perform the same calculation for the Coulomb interaction if the two particles are charged. One then hasŨ
, but the units of the charge e are those of (action × velocity) 1/2 , and thereforẽ e = e, unlikem = √ Gm. Therefore, in the Coulomb case Eq. (II.4) is replaced by
while (II.5) is replaced by,
It is important to realize that, as shown by the above Coulomb example, the presence of the G-wall affects all the interactions between matter on different sides of the wall and not just the gravitational ones. On the other hand, if one considers experiments realized within a given domain, only the gravitational interaction will be different in different domains. For example, the orbital period of a satellite (in atomic units) in a given elliptic orbit, specified by its eccentricity (dimensionless) and the length of its semimajor axis (given in atomic units), will be proportional to G −1/2 ; whereas for the Coulomb analog there will be no G dependence.
B. Reflection and refraction of a particle by a G-wall
We now extend the notion of gravitational units to a relativistic context and examine what happens to a test particle when it crosses a G-wall, as it is described in Fig. 2 . The metric, in gravitational units,g µν is related to g µν by
as it follows from the change of coordinates given in Eq. (II.2). We take dimensionless coordinates, so that the metric g µν has dimensions of length squared, whileg µν has units of action. We will demand again that the G-wall be invisible in terms of gravitational units. That means thatg µν should be continuous across the wall, which is equivalent to,
µν , (II.9)
implying that the intrinsic geometry of the G-wall is different as seen from its two sides. This novel feature makes G-walls essentially different from ordinary domain walls, across which the intrinsic geometry is continuous.
In term of the tilded variables, the action for the particle to propagate from 1 to 2 crossing the G-wall may be then written as
Thus the problem is equivalent to a particle whose mass changes for m √ G 1 to m √ G 2 when crossing the Gwall. The components of the four-momentum parallel to
A particle of mass m crosses a G-wall dividing a region with gravitational constant G1 from a second region with G2. In gravitational units, the situation is equivalent to that of a free particle that changes its mass as crossing the boundary, fromm1 = mG
2 . The speeds in this diagram are for the case in which G2 > G1.
the G-wall are not altered (translation invariance in the tangent plane of the worldsheet of the wall, where the effect takes place). Conservation of the spatial momentum implies that the movement occurs in a plane and the Snell-type law,
(II.11)
On the other hand, conservation of energy yields,
giving the speed of the particle once it emerges to region 2. When the particle is moving to the region with smaller Newton constant G 1 > G 2 , Eq. (II.12) indicates that the particle experiments a boost, v . From (II.11) we see that in that case θ 2 < θ 1 .
In the inverse situation, G 1 < G 2 , the particle will diminish its speed. In that case, Eqs. (II.11) and (II.12) tell us that, for a given v 1 , there is a maximal angle for which the particle may cross the wall,
If Eq. (II.13) is not satisfied the particle will experiment a specular bounce off the wall, similar to total internal reflection in geometrical optics. Note, in particular, that if v 1 is too small, the right hand side of the inequality (II.13) becomes negative, and the particle will bounce for any angle. Also note that in the critical case, when (II.13) becomes equality, one has θ 2 = π/2 and just after crossing the particle moves paralel to the wall.
III. ACTION PRINCIPLE
We will now include the G-walls as dynamical objects. This will be achieved by generalizing the procedure introduced in [2] to promote the cosmological constant to a dynamical variable that changes across a domain wall possesing a U(1) charge.
A. Action
The action takes the form
(III.14)
Here I grav , which depends on the metric field g µν , a three form potential A µνρ and a pseudoscalar D is given by 
Hereμ is the tension of the wall in gravitational units, andγ ab is the induced tilded metric (which is the same from both sides of the wall) on it,
where the embedding of the wall in spacetime is
The relation between the metric g µν , which is the one defining distances in atomic units (sometimes referred to as the metric in the "Jordan frame"), with the tilded metric (sometimes referred to as the metric in the "Einstein frame") is given by (II.8) but where now G is a function of D, G = G(D), which will be chosen below.
The matter action takes the form,
Here the matter Lagrangian density L m depends on the matter fields and g µν . It becomes a function of D and g µν through g µν = G(D)g µν .
B. Equations of motion
Although we take the physical metric as g µν , it is simpler to work withg µν which will be continuous across the wall, because G-walls are isometrically embedded ing µν , and not in g µν . We will, therefore, vary the action taking g µν as an independent field.
Varying the action with respect to A we obtain that D is domain-wise constant, jumping across G-walls as
(III.19) (We have taken in (III.16) the U(1) charge of the wall to be equal to unity). The identification of the two sides with the subscripts "1" or "2" depends on the orientation of the worldsheets.
Varying with respect to D we get
where T is the trace of the energy momentum tensor of the matter (defined in terms of the microscopic metric g µν ).
The time derivative of * A i does not appear in Eq. (III.20), which means that the evolution of * A i is arbitrary, i.e., * A i is pure gauge. As a consequence, ∂ i * A i is also arbitrary, and therefore the time evolution of * A 0 is arbitrary, and hence it also is pure gauge, with exception of the gauge invariant global mode
It follows from (III.20) thaṫ
Therefore, after the gauge freedom is factored out, the fields D, A have only one physical degree of freedom (not one per point) of "action-angle" variables, D, P . The variable D, canonically conjugate to P , is domainwise independent of time (and space). Note that if [G 2 ] and T are different from zero, one may use (III.20) to express D in terms of * F and T . It is then permisible to insert that solution into the action (III.14) to obatin a reduced action that involves A but not D. This will be the case of interest in the present work. However, the non-invertible case is not devoid of interest; an analog of G 2 (D) = D, whose second derivative vanishes, was used in [3] to interpret the global mode (III.21) as a "cosmic time", conjugate to the cosmological constant.
Lastly, varying with respect to the metric fieldg µν gives rise to the Einstein equations for this metric, with G = 1. The energy momentum tensor in them has two contributions: one from the G-wall, proportional to the tensionμ and supported on its worldsheet; the other, the energy momentumT µν of the matter field obtained by varying I m with respect tog µν . One recovers the equations in atomic units by rescaling with G(D) as in Eq. (II.8).
C. Interaction of G-walls with vacuum energy
The simplest form of matter one may consider is a constant microscopic vacuum energy density u, which gives rise to a cosmological constant Λ = 8πGu.
(III.22)
The corresponding matter action is
(III.23) By the very definition of atomic units the constant u is of order unity. Now Eq. (III.20) takes the form,
We will choose the function G(D) so that: (i) bubble nucleation decreases G, making it vanish asymptotically without ever becoming negative, (ii) no fine tuning is necessary. Thus, in this view, the present small value of G is still decreasing, but at an extremely small rate.
Such functions G(D) do exist. A simple choice is,
and it is the one we will use bellow. Note that G decreases when D increases. (The possibility of such an "attractor point" in bubble nucleation has been considered in a different setting and through a different mechanism in Ref.
[8])
IV. PRODUCTION OF G-WALLS BY TUNNELING AND THERMAL ACTIVATION. INSTANTON AND THERMALON
In [2] and in [4] , the cosmological constant was relaxed by nucleating membranes due to quantum tunneling ("going through the potential barrier") and thermal activation ("jumping over the potential barrier") respectively. The same phenomena occurs here, where nucleation of G-walls relaxes the gravitational constant.
We will now study the probability for nucleating Gwalls through both processes in the semiclassical approximation. In doing so we will consider only the uniform vacuum energy density u case discussed above, but we will keep the function G(D) generic.
The probability is of the form,
where I E is the Euclidean action evaluated on an appropriate extremum, and C is a slowly varying function. The Euclidean action is obtained from the exponent iI of the exponential in the Lorentzian path integral, by replacing in it (τ,
, and demanding the new variables to be real. This gives
which is understood to be a functional ofg µν , A µνρ ,D, and z µ . Note that the action is linear in A, and therefore when evaluating it on-shell, the second and third term cancel. The only D dependence left is through G(D) in the matter term of (IV.27). The probability of nucleating G-walls will, therefore, be expressible in terms of G and its change ∆G due to the nucleation. The change ∆G in a nucleation will be determined through the function of G(D) by the U (1) charge of the bubble, taken here by convention equal to unity, ∆D = 1, (Eq. (III.19) ).
A. Euclidean worldsheet of a spherical G-wall
One expects the extremum relevant for the semiclassical approximation to have the highest possible symmetry. Since we will be interested in including black holes, we will take in the succeeding discussion the symmetry to be just ordinary spherical symmetry SO(3), rather than SO (4) . The symmetry will become SO(4) when there is no black hole.
Consider a spherical G-wall, dividing spacetime in two regions, the "interior" ("-") and the "exterior" ("+"), such that the metric on each side is of Schwarzschild-de Sitter form,
(IV.29) (In order to make direct contact with previous results [4] , we use in this subsection time and radial coordinates with dimensions of length). In (IV.29),
and the coordinatet ± is defined such that increases anticlockwise around the cosmological horizon. The wall is parameterized by,
with τ being the proper time,
The matching in the geometries at the joining membrane gives a first integral for the equation of motion of R(τ ),
Here σ = 1, when the cosmological horizon is in the exterior, which will be the case for the instanton discussed below; and σ = −1 when the cosmological horizon is in the interior, which will be the case for the thermalon discussed below. (See [4] for details).
B. Radius
There are two types of solutions of Eq.(IV.33) that are of interest here. The instanton described in [2] for the nucleation of membranes by tunneling; and the thermalon, a static solution found in [4] for the nucleation by thermal activation. In both cases it is necessary to determine the radius of formation R = ρ which occurs whenṘ = 0. From (IV.33), at that instant,
where
For the instanton σ = 1 in Eq. (IV.33). Here there is no black hole, henceM ± = 0, and the geometry is that of de Sitter on each side of the G-wall. In this case Eq. (IV.34) is quadratic, and it has a solution if and only if α 2 >μ 2 > 0, that is, when
so that the notation in (IV.35) is justified. The radius of formation is given by
The function R(τ ) is a "bounce" going from R = 0 to a maximum R = ρ and back to R = 0. The Euclidean G-wall worldsheet is a three-sphere of radius ρ where the two de Sitter geometries are glued together. Once the wall materializes its radius increases without limit (see [2] for details).
For the thermalon ∆M does not vanish. Its value is determined by demanding the right hand side of Eq. (IV.34) to be an extremum in ρ, which is equivalent to requiringR = 0. Once this value is inserted on the left hand side of (IV.34) the resulting equation cannot be solved analytically, but can be analyzed graphically. One may show that solutions with positive α 2 also exist. That analysis is given in [4] and will be not repeated here.
The thermalon is static, thereforeṘ = 0, and the G-wall stays always at R = ρ unless it is perturbed. Of particular interest is the "cosmological thermalon" in thermal equilibrium with the cosmological horizon. For that solution the cosmological horizon is in the interior so that σ = −1 in (IV.33). After nucleation, if slightly perturbed with an inward velocity, the G-wall will collapse to a black hole, even if originally there is none (M + = 0, M − = 0).
C. Probability
It is simpler to evaluate the on-shell action in the Hamiltonian formalism. This is so because: (i) within each of the domains separated by the wall one may use a time coordinate in which the metric is static, therefore the π ijġ ij term vanishes. (ii) The total "bulk" Hamiltonian, which is a linear combination of the constraints vanishes, because on-shell the constraints hold.(iii) When a horizon is present in the interior (final region) one just adds one fourth of its area,Ã − in the tilded metric [9] . Therefore the on-shell action, reduces to the pq term of the G-wall, which, rewritten in term of the velocities is given by,
The second term in this expression is ill defined, because the value of A jumps as one crosses the G-wall. The regularized value of the integral must be taken to be,
where V
− is the volume of the interior region and * F on is the value of * F on the membrane, which may be defined by thickening the membrane and using the mean value theorem as * F on = 1
(IV.40)
Eq. (IV.39) may be justified by realizing that the variation of its right hand side with respect to the membrane coordinates should give the "electric force" q * F on , where
On the other hand, the Euclidean value of * F is given by the counterpart of (IV.41),
Inserting this in (IV.40), and carrying out the integration, yields
The final regularized action is then
where V (3) is the three-volume of the history of the Gwall, andÃ + is the area of the horizon that the interior region would have if the G-wall were absent. As explained in Sec. IV of [4] , the substractions of G 2 + and ofÃ + /4 in (IV.43), embody the requirement that the fields in the exterior should be those corresponding to the solution of the equations of motion that would hold everywhere if the transition where never to occur, which ensures that the probability of creating G-walls with µ = u = 0 is equal to unity.
Eq. (IV.43) is the same that was obtained in Ref. [4] in the context of the cosmological constant problem. Therefore all the analysis carried out there for the probability in various limiting cases can be taken over simply by substituting Eq. (IV.35) for α 2 in that reference. Instead we would like to devote some space to bring out how the formula for the probability captures in a nutshell the fact that, in the case of G, the decay process relates two different scales, a feature which has no analog in the cosmological constant case. This may be seen in the simplest manner for the instanton in the approximation in which the nucleation radius ρ is much smaller that the dS radiusl + . In that case we may approximate the interior volume by its flat space expression, V
2 ρ 3 . Therefore the action takes the form
Minimizing this action with respect to ρ we obtain the radius of formation,
which could also be obtained directly from Eq. (IV.37). Inserting this in (IV.44) gives,
The probability of formation is therefore given by,
where we have substituted for α 2 in (IV.45) its value (IV.35). If D >> 1, which begins to be true after a few steps, and becomes more and more valid throughout the present time, then G + ≈ G − = G, and we may write this,
The first factor in the exponent is of order unity, whereas the second is more illuminating. By usingũ = G 2 u, µ = G 3/2 µ, it maybe rewritten as,
Each of the two sides of the equality contains a term which is natural (i.e., of order unity) in atomic units and another which is natural in gravitational units. For example, on the left hand side, µ is of gravitational nature because it is the tension of a G-wall, so its tilded value is always of order unity but its untilded value depends on the epoch: it is of order unity at the beginning, but very large at present. On the other hand u, which is of atomic nature is always of order unity. Thus, the probability (IV.47) is of order unity at the beginning and very small at present. The same conclusion is of course obtained looking at the right hand side. Nowμ is always of order unity, butũ depends on the epoch.
V. THE GRAVITATIONAL CONSTANT AS A THERMODYNAMIC BLACK HOLE PARAMETER
When a black hole metric is expressed in terms of the mass, angular momentum, and other charges, it depends explicitly, in addition, on the gravitational constant G and the cosmological constant Λ. The standard black hole thermodynamics theorems (see, for example, [10] ) assume that both G and Λ are universal constants; therefore the question of whether the black hole entropy can only increase in a irreversible process has to be reanalyzed when G and Λ are allowed to vary. For the cosmological constant, this analysis was performed in the simple case of spherical symmetry in Ref. [11] and the question was answered in the affirmative. It is the purpose of this section to address the question for G.
The issue at hand becomes already manifest for the case of a Schwarzschild black hole, When the hole absorbs a G-wall both G and M will change. It may happen that the value of G diminishes as it indeed is the case, for example, for the thermalon discussed in subsection IV.B (recall Eq. (IV.36)). Now, if we had coupled the G-wall to g µν as a standard domain wall, 1 the mass M of the hole would increase after absorption of the wall, since the latter would have positive energy; but there would be no guarantee that the increasing M would be sufficient to overcompensate the decreasing G so as to make the entropy increase, since both changes are independent. Thus, the second law of black hole thermodynamics could be easily violated and one would face a major difficulty.
The way out is provided by realizing that in what we have called gravitational units the entropy (V.50) reads,
S = 4πM
2 , (V.51) and therefore if one couples the domain wall in the standard manner in gravitational units, as in (III.14), the problem is solved because nowM increases and so does the entropy. The argument holds as well for a general black hole, because in gravitational units, the standard theorems apply. The value of D, which determines G, may be thought of as a charge, which counts -up to an additive constant -the number of G-walls absorbed by the hole. Its conjugate chemical potential is the integral of A 0θφ at infinity (or at the cosmological horizon), when one demands A 0θφ to vanish at the black hole horizon.
It is quite remarkable that the second law of black hole thermodynamics should dictate how a dynamical G must be incorporated in the action principle if one wants to relate the cosmological and microscopical scales. But perhaps it should not be surprising, since after all S = c 3 4 G (area of black hole horizon), is the one formula where those two scales appear explicitly rather than just being related through dimensional analysis.
1 For a standard domain wall coupling, the Hilbert term in the action (III.14), √ −gR, would be replaced by G(D) −1 √ −gR. Nõ gµν would be introduced, the factor G(D) −1 would remain "outside of the curvature". Straightforward analogs of the action so obtained may be written to make dynamical, for example, the cosmological constant, any parameter appearing in a field theory Lagrangian (coupling constants, masses) or the string tension. In none of these cases there is a problem such as the one that arises with a dynamical G in connection with black hole thermodynamics.
For the case of the cosmological constant, if one sets Λ(D) = 4πGe 2 D 2 + λ in the Hilbert Lagrangian, one obtains the action employed in [2] . (Here e is the charge of the standard domain wall and λ a "bare cosmological constant").
